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A Master recherche 


Fuzzy sets are considered with respect to a nonempty base set X of 
elements of interest. The essential idea is that each element x € X 
is assigned a membership grade u(x) taking values in [0,1], such 
that 


ux) — 0 corresponding to non-membership 
140 < u(x) <1 to partial membership 
soo) al to full membership 


According to Zadeh a fuzzy subset of X is a nonempty subset 
{(x, u(x)) : x © X} of X x [0,1] for some function u : X — [0,1]. 





We shall mainly consider the following three spaces of nonempty 
subsets of R” : 


e@ C"(R") Cn consisting of all nonempty closed subsets of R”, 


e K,(R”) consisting of all nonempty compact (i.e. closed and 
bounded) subsets of R”, 


@ Py-(R”) consisting of all nonempty compact convex subsets of 
R". 


Thus we have the strict inclusions 


C"(R") C Kp(R") C Pre(R”) 


Let x be a point in R” and A a nonempty subset of R” . We define 
the distance d(x, A) from x to A by 


d(x, A) = inf {||x — al] : ae A} 
We shall call the subset 

S-(A) = {x € R”: d(x, A) < e} 
an e-neighbourhood of A. Its closure is the subset 

SA) eh a 4) 


In particular, we shall denote by S/ the closed unit ball in R”, that 
is 


St = SP({0}) 
Note that : 
S:(A) =A+ eS; 
for any « > 0 and any nonempty subset A of R” 
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We define the Hausdorff separation of B from A by 


d},(B, A) = sup{d(b, A): be B} 
or, equivalently, 


dj,(B, A) =infle>0: BCA+<«5/}. 


Thus we have dj,H(B, A) > 0 with dj,H(B, A) = 0 if and only if 
B CA In addition, the triangle inequality 


dis(A, B) < di(A, C) + d(C, B) 
A, B and C subsets of R”. 
however 


dh,(A, B) # dj,(B, A) 
a i= = = PICs 
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We define the Hausdorff distance between nonempty subsets A and 
B of R” by 


H(A, B) = max{sup d(a, B), sup d(b, A)}, 
acA beB 
This is now symmetric in A and B. 





For A,B € Px<(R") , set the Hausdorf metric as 
H(A, B) = max{sup d(a, B), sup d(b, A)}, 
acA beB 


where d(a, B) = inf ||a— bl|,d(b, A) = inf ||b— all. 
bcB acA 
Another way to see the Hausdorf distance 
Let o(A, x) = sup{< a,x >} be the support function of 
acA 


A€ P,-(R") 

Denote |A| = H(A, {0}) . In particular, 

H(A, B) = sup{|o(A, x) — o(B,x)|: x € 5" “}, 
where S"-! = {x € R”: ||x|]| = 1}. 


u: R" -+ [0, 1] is called a fuzzy number if it satisies 
@ u is normal, i.e., there exists an x9 € R” such that u(xo) = 1; 
@ u is fuzzy convex; 
@ u IS upper semicontinuous ; 
e [ul =cl{ LJ) u%} € Py-(R’). 
a€[0,1] 
Denote E” = {u: u is a fuzzy number. } 


We can introduce addition and scalar multiplication in E”. 
For u,v € E",c € R, set that 


ee ee A 
[cu] = c[u]* 
6: R" - [0,1] is defined as the null element of E” 


as) = | lif x=, 


0 otherwise 


It is obvious that for each u EC E",u+0=0+u=u. 
The metric D of E” is defined as 





D(u, v) = sup A((u", [)") 


By [9 ] Puri and Ralescu, differential for fuzzy function (E", D) is a 
complete metric space. 





We say that a set valued mapping F satisfying is continuous at to in 


T CR’ if for every « > 0 there exists a 7 = n(€, to) > 0 such that 


dy(F(t), F(to)) <é 
for all t € T with ||t — to|| < 


Alternatively, we can write in terms of the convergence of 
sequences, that is as 


lim-( P(t; ), (to) = 0 
for all sequences {t,} in T with tp — tp. 


Measurability 

Denote T = [a, b]. The mapping F : T — E” is measurable if for 
each a € [0, 1 | the set-valued mapping F® : T — P(R) is 
measurable where F(t) = [F(t)]°. 

Integrability 

We call a measurable mapping F : T + E” integrably bounded if 
there exists a Lebesgue-integrable function h(t) : T — [0, +00) 
such that for each x € [F(t)]°||x|| < A(t) . 

For integrably bounded mapping F, the integral | Fdt of F on 
any Lebesgue- measurable subset A C T is denned as 


if, Ede] — i Fede uy f(t)dt : f(t)is an integrable selector of [F(t)]~}, 
where a € [0, 1 J. 





Differentiation 
A mapping F : T — E” is differentiable at to € T if there exists 
f'(to) € E” such that the limits 


Ia F(to AF h) aa F(to) 








F h 
iar F(to) = F(to = h) 
+ h 





exist and equal to F’(to) . Here the limits are executed in (E”, D) . 


For fixed constant L > 0, denote by 
Ura {eee H(lule, [ayy = La 3), 


a, Be [0, 1], |u| = sup |x|] < 4} 
xeu? 


the class of Lipschitz fuzzy sets. 
Let C([0, 1] x S”~1) be the space composed of all continuous 
functions on [0, 1] x $*-1. For g(a, x) € C([0, 1] x $"-*) , define 


its norm as 


IB lloo = sup Ig(a, x)].- 
(a,x)€[0,1]xS7-1 
For u € Uy, define jo u as jf 0 u(a, x) = o([u]®, x) . 
By Diamond and Kloeden Metric spaces of fuzzy sets [3], 
goni=Gl( (eeall| see ee 










Theorem (Lemma 1.) 


(1) Vu, v € Um, D(u, v) = |jou — f° v\loo holds; 
(2) j(Um) is a compact convex subset of C([0,1] x S"-1) . 





Proof. In view of [3] Diamond and Kloeden Metric spaces of fuzzy 
sets, we only need to show that j(Ujy) is closed. Let 

un € Uy, jun) > g © C([0,1] x $"-*) . 

By [14, Theorem 3 :4], there exists a subsequence un, and u € Uy 
such that 


V(a,x) € [0, 1] x Soa lde co) — o([u]™, x) 


Therefore j(Un, )(a, x) + j(u)(a, x) and further g = j(u) € j(Up). 
Corollary 2. Uy is compact in (E",D) . 





Carathéodory’s existence theorem In mathematics, 
Carathéodory’s existence theorem says that an ordinary differential 


equation has a solution under relatively mild conditions. It is a 
generalization of Peano’s existence theorem. 





A mapping f(t, u) :[a, b] x Uw, + Um satisfies Caratheodory 
condition if 


@ for each t € [a, b], f(t, u) is continuous with respect to u; 
@ for each u € Uy,, f(t, u) is measurable with respect to t. 


we discuss the Caratheodory solutions for Cauchy problem of the 
following ordinary differential equation 


et) 
©) { x(0) =0 


Recall 
Consider the differential equation 
y(t) = f(t, y(t 
(1) = F(t,¥(¢)) re 
y(to) = Yo 


with f defined on the rectangular domain 
R= {(t,y)||t — to] < a,|y — yo| < 5}. If the function f satisfies 
the following three conditions : 

e f(t, y) is continuous in y for each fixed t, 

@ f is measurable in t for each fixed y, 

@ there is a Lebesgue-integrable function m(t), |t — to| < a, 

such that |f(t, y)| < m(t) for all (t,y) € R, 

then the differential equation has a solution in the extended sense 
in a neighborhood of the initial condition. 





Definition 
x(t): [a, b] + Uy, is called a Carathéodory solution of (1), for 


simplicity written as C- solution, if x(t) is differentiable a.e. and 
satisfies x(0) = 0, x(t) = f(t, x(t))a.e. 




















Theorem (Lemma 4.) 





Suppose that x(t) : [a, b] + Uy, is continuous and 
f(t,x):[a, b] x Uy, + Uy satisfies Caratheodory condition, then 


@ f(t, x(t)) is integrable. 
e jof(t,x(t)) : [a, b] + j(Um) is Bochner-integrable. 










Let X be a banach space and —co ~ a ~ b X +00 and let 
f : [a,b] —> X a measurable function then 
f is bochner-integrable iff ||f(.)|| € L1(a, b) 


Proof. 

(1) As x(t) is continuous, there exists a sequence of simple 
functions x,(t) such that lim Xn(t) = x(t) ,and then 

Pie) — lim Pepa oe 

Since f(t, x) is measurable with respect to t, we have that for each 
a € [0, 1 ], [F(t, xn(t))]° : [a, b] + P(IR”) is measurable. 

By [11, Property 3 :8], for each x € S”—! the support function 
o([F(t, xn(t))]®, x) is measurable and further o([f(t, x(t))]®, x) is 
measurable. 

Therefore [f(t, x(t))]° is measurable, that is to say, f(t, x(t)) is 
measurable. In view of the fact that f(t, x(t)) is integrably 
bounded, we conclude that f(t, x(t)) is integrable. 

(2) By [5, Theorem 3 :1], f(t, x(t)) is measurable with respect to 
the metric D. From Corollary 2, for Ve > 0, there exists finite e-net 
{uy, U2, +++, Un} of Uy. 

Denote A; = {t : D(f(t,x(t)), uj) < €}. Then A; is measurable 


set and U An lao: 
i=1 
al 


Denote B, = Aj, Bj = Aj\ U Aj(i > 2) ‘ 
f= 


Then {B;} are disjoint and measurable, and U ise lleh (el, 
i=1 

Set Z 
F(t) =) ujbe,(t) 

i=1 
where wg,(t) denotes the characteristic function of Bj. Since 
IEIG AG AEM 1 UE) 15 
we have ||j 0 f(t, x(t)) —j 0 F*(t)|loo < €, which implies that 
jo f(t, x(t)) can be approximated by simple functions. So 
jo f(t, x(t)) is strongly measurable, and furthermore 
Bochner-integrable. 










Theorem (Lemma 5.) 





t 
If F(t) : T — Uy is measurable, then G(t) = i F(s)ds satisfies 


e@ G(t): T > Uy, where My = M(b- a); 
@ G’(t) = F(t)a.e. 





Proof. 
2 H([G(2)1*.16(0)}9) = HC TCe)Ias, [F(a 
= [HOF CO F(S)P¢s 


< M(t — a) 
M(b— a) = M,, 


IG(e)| =| | [F(s)]°ds| 
< M(t—a)< M(b-a)= 


So G(t) :To Um, - 
@ Similar to the proof of Lemma 4, we obtain that j o F(s) is 
Bochner-integrable and for each h > 0 we have 


pecan we Buy F(t)) 


t+h 
= D(= F(s)ds, F(t)) 





a a = = = ac 





1 zi 1 ., 


=D I, F(s)ds, 7 | F(t)ds) 
es | | Baie) 
=Z J Worl) so F(elleds. 


t+h 
As lim 1h f lic F(s) —jo F(t)lloo =0 a.e., 
h>0 t 
we have G/(t) = F(t)a.e.0 
















Theorem (Lemma 6.) 
J(K) = {yo u(t): u € K} is compact convex in 
C([a, 6], C([0, 1] x S”-)) where 

t 


=e) = | v(s)ds:v:[a, b] > Uyis integrable}. 


a 


i 


Proof. If u(t) € K, then u(t) = i v(s)ds. Similar to the proof of 


Lemma 4, we get that jo v(s) : [a, b] > C([0, 1] x $”~*) is 
strongly measurable and Bochner-integrable. By [5, Theorem 2 :2], 
we have 

jou(t)= f jov(s)as 

and further jo u(t) € C([a, b], C([0, 1] x $"-*)) 


e From 
D(u(t),0) = D(f; v(s)ds, 0) < JS D(v(s),@)ds < 
M(b—a)=M, 


we know that 

[io u(t)I|oo = D(u(t), @) < My and 

SUP tc[a,b] ll) o U(t)|loo S Mi, 

that is to say, /(K) is uniformly bounded. 


e For ti < t € [a, 5], 





Then ||j 0 u(t2) —j 0 u(ti)|loo < M(t2 — ti) , or j(K) is 


equicontinuous. 
e@ By Lemma 5, for each 
t € [a, bl, {u(t)}uex C Uu,(Mi = M(b- aso 
{jo u(t) }uex C j(Um,) . By Lemma 1, {j 0 u(t) }uex is 
relatively compact in C([0,1] x S”~!) . 
the conditions of Ascoli-Arzela theorem are satisfied, therefore j/(K) 
is relatively compact in C([a, b], C([O, 1] x $"~1)) 
It is obvious that j(K) is convex. 
Next we need to only show that j(K) is closed. 


Suppose that u,(t) € K and 
jo un(t) > f(t) € C([a, b], C([O, 1] x S"~1)) Denote 
t 

un(t) = | vn(s)ds where v,(s) : [a, 6] > Uy ts integrable. 
By [14, Theorem 4 Al 
there exists a subsequence {vp,(s)} of {vn(s)} and 
v(s): [a, b] + Uy such that 

i t 
a(Lf vn(s)asl*.x) -» (Uf v(s)as|*.x) 
atvere (a, x) € [0,1] x gn-i* 
This implies that joun,(t)(a, x) + jou(t)(a, x) . 
Then f(t)(a,x) =jo u(t)(a,x) or f(t) =jou(t), 

ie 

u(t) =| v(s)ds, furthermore f(t) € j(K) . 


a 





















If f(t, x): [a, b] x Uy, + Uy satisfies Caratheodory condition, 
then (1) has at least one C-solution. 


Proof. Let K be the same as in Lemma 6. For u € K, define 
h(u)(t) = f(t, u(s))ds. From Lemmas 4 and 5, we know that 
h(u) € K and soH:K->K. 

On account of that, the mapping T = johoj-: j(K) > j(K) is 
TGC) 

= i Fa Gulene. 

To prove that T is continuous, we need to only show that A is 
continuous. 

Suppose that up, — u, then up(s) — u(s) for each s € [a, 5]. 

As f satisfies Caratheodory condition. 

f(s, Un(s)) > f(s, u(s)) a.e., that is to say, 

D(f(s, un(s)), f(s, u(s))) 4 0 ae. 

we have 


b 
sup D(h(un)(t), h(u)(t)) 2) D(f(s, un(s)), f(s, u(s))) ds : 


tE[a,b] 


and since 
D(f(s, un(s)), f(s, u(s))) < 2M, 
by Lebesgue-dominated convergence theorem, 

b 

D(f(s, Un f(s, u(s))ds + 0 and moreover 

sup D(h(un)(t), h(u)(t)) 0. 
tE[a,b] 
By Lemma 6, since the operator T satisfies the conditions of 
Schauder fixed point theorem, there exists u, € K such that 


T((ux)) = j(us) or 


i(us)(t) = i Feige ee: 


Therefore u,(t) = i f(s, ux(s))ds, finaly we get 


sate u(t))a.€. which means that u,(t) is a solution of (1). 
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